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THE STRUCTURE OF PREENVELOPES WITH RESPECT TO 
MAXIMAL COHEN-MACAULAY MODULES 

HIROKI MATSUI 


Abstract. This paper studies the structure of special preenvelopes and envelopes with 
respect to maximal Cohen-Macaulay modules. We investigate the structure of them in 
terms of their kernels and cokernels. Moreover, using this result, we also study the struc¬ 
ture of special proper coresolutions with respect to maximal Cohen-Macaulay modules 
over a Henselian Cohen-Macaulay local ring. 


1. Introduction 

Throughout this paper, we assume that {R, ru, k) is a d-dimensional Cohen-Macaulay 
local ring with canonical module u. All R-modules are assumed to be finitely generated. 
Denote by modi? the category of finitely generated i?-modules and by MCM the full 
subcategory of modi? consisting of maximal Cohen-Macaulay i?-modules. 

We define (—)1 := Hom/{(—,a;) and 6m '■ M ^ Mb as a natural homomorphism for an 
i?-module M. Note that if M is maximal Cohen-Macaulay, 6m is an isomorphism. 

Let A be a full subcategory of modi?. The notion of A-(pre)covers and A-(pre)envelopes 
have been playing an important role in the representation theory of algebras; see [lH6llHl|9l 
[IT] for instance. For X = MCM, a celebrated theorem due to Auslander and Buchweitz [3] 
says that for any i?-module M, there exists a short exact sequence 

where X is maximal Cohen-Macaulay and Y has finite injective dimension. The map tt 
is called a maximal Cohen-Macaulay approximation of M. Then vr is an MCM-precover 
of M, and is an MCM-cover if Y and X have no non-zero common direct summand via 
/. If i? is Henselian, every i?-module has an MCM-cover; see [T^ITG] . 

In this paper we mainly study the MCM-envelope, and the MCM-preenvelope which is 
called special. A result of Holm [101 Theorem A] states that every i?-module has a special 
MCM-preenvelope, and if R is Henselian, every i?-module has an MCM-envelope. It is 
natural to ask when a given homomorphism is a special MCM-preenvelope or an MCM- 
envelope, and we give an answer to this question by using the kernels and cokernels. Our 
first main result is the following theorem. 

Theorem 1.1. Let p : M —)■ A be an R-homomorphism such that X is maximal Cohen- 
Macaulay. 

(1) The following are equivalent. 

(a) p. is a special MCM-preenvelope of M. 

(b) codim(Kerp) > 0 and Extlj(Cokerp, MCM) = 0. 
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(c) codim(Ker /i) > 0, and there exists an exact sequence 0 ^ S' — Coker/i T ^ 
f/ —)■ 0 such that 

• codim S' > 1, 

• codim U > 2, 

• T satisfies (S' 2 ), 

• has finite injective dimension and satisfies (S' 3 ). 

(2) The following are equivalent if R is Henselian. 

(a) fi is an MCM-envelope of M. 

(b) codim(Ker /i) > 0, ExtJj(Coker /i, MCM) = 0 and Coker(/ib) has no free summand. 

(c) codim(Ker/i) > 0, and there exists an exact sequence 0 —)■ S' —> CokeryU A T —)■ 
t/ —)■ 0 such that 

• codim S' > 1, 

• codim U > 2, 

• T satisfies (S' 2 ), 

• has finite injective dimension and satisfies (S' 3 ), 

• Imw has no non-zero free summand. 

The conditions (c) in (1) and (2) not only clarify the structure of special MCM- 
preenvelopes and MCM-envelopes, but also have the advantage that they do not contain 
vanishing conditions of Ext modules, which are in general hard to verify. We construct 
concrete examples of MCM-(pre)envelopes by using Theorem 11.11 Moreover, applying 
this result, we give another characterization of special MCM-preenvelopes in terms of the 
existence of certain complexes, which is our second main result. 

Theorem 1.2. Let jj , -. M ^ X he an R-homomorphism such that X is maximal Cohen- 
Macaulay. Then the following are equivalent. 

(1) is a special MCM-preenvelope of M . 

(2) There exists an R-complex C = (0 ^ ^ (7° A A A • • • ^ ^ 

0) with C free for 1 < i < d — 2 and d~^ = /i such that codim H*(C) > i + 1 for any i. 

A special proper MCM-coresolution (resp. minimal proper MCM-coresolution) is such 
a complex that is built by taking special MCM-preenvelopes (resp. MCM-envelopes) re¬ 
peatedly. Using Theorem II.11 we prove the following result on the structure of special 
proper MCM-coresolutions as our third main result. 

Theorem 1.3. Suppose that R is Henselian. Let M he an R-module and 

0 ^ M A A A • • • 

a special proper MCM-coresolution of M. Put pP := dP and let : Coker —)■ X* he 
the induced homomorphisms. Then for each i one has codim(KeryU*) > i, and there exists 
an exact sequence 

0^5*^ Coker/i* ^ r ^ U* ^ 0 

such that 

• codim S'* > i -I- 1, 

• codim > i 2, 

• T* satisfies (S' 2 ), 

• (r*)f has finite injective dimension and satisfies (S'j+ 3 ). 
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We should remark that our Theorem 11.11 guarantees that the converse of the statement 
of Theorem 11.31 also holds: If a complex of /^-modules 

0 ^ M A A A • • • 

with each X* maximal Cohen-Macaulay satishes the conditions in the conclusion of The¬ 
orem [Ol then this is a special proper MCM-coresolution of M. Furthermore, it turns 
out that Theorem 11.31 recovers a main theorem of Holm [TOl Theorem C] in the Henselian 
case. 


2. Preliminaries 

In this section, we give several basic dehnitions and remarks for later use. 

Definition 2.1. Let X be a full subcategory of modi? and M an i?-module. 

(1) Let TT : X —)■ M be an i?-homomorphism such that X G X. 

(a) TT is called an X -precover of M if 

Hom^j(X',7r) : Homij(X',X) ^ HomR{X',M) 
is an epimorphism for any X' G X. 

(b) TT is called a special X-precover of M if vr is an X-precover and satishes 
Ext]j(X, KerTr) = 0. 

(c) TT is called an X-cover of M if tt is an X-precover and for any 0 G End/{(X), 
7 r 0 = TT implies 0 is an automorphism. 

(2) Let /i : M —)■ X be an i?-homomorphism such that X G X. 

(a) /i is called an X -preenvelope of M if 

Hom^(/i,X') : Hom^(X,X') ^ HomH(M,X') 
is an epimorphism for any X' G X. 

(b) /i is called a special X-preenvelope of M if /i is an X-preenvelope and satishes 
ExtJj(Coker /r, X) = 0. 

(c) jj, is called an X-envelope of M if /i is an X-preenvelope and for any 0 G End/{(X), 
0/1 = /i implies (j) is an automorphism. 

Remark 2.2. (1) X-precovers are not necessarily epimorphisms in general. If X contains 
R, then every X-precover is an epimorphism. 

(2) Let M be an i?-module. An X-cover of M is unique in the following sense: for two 
X-covers ir : X ^ M and tt' : X' —)■ M of M, there exists an isomorphism 0 : X —)■ X' 
such that 7r'0 = tt. Dually, an X-envelope of M is unique. 

(3) By dehnition, a special X-precover is an X-precover. If X is closed under extensions, 
then an X-cover is a special X-precover: this result is called Wakamatsu’s lemma 
(see [l5]). The statement where “cover” is replaced with “envelope” also holds true. 

(4) Let M be an i?-module. If Ext^(MCM, M) = 0, then M has hnite injective dimension 

since M) = Ext^(Q'^/c, M) = 0. Here, Q denotes the syzygy functor. On 

the other hand, if M has hnite injective dimension, then Ext]^(MCM, M) = 0; see [3]. 
Therefore, a special MCM-precover of M is nothing but a maximal Cohen-Macaulay 
approximation of M. 
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Definition 2.3. Let M be an i?-module, and 

(*) 0 ^ M A A A • • ■ 

be an i?-coniplex with X* G MCM for each i. Pnt := and let p* : Coker —)■ X* 
be the induced morphisms for i > 1. If the /i® are MCM-preenvelopes (resp. special 
MCM-preenvelopes; resp. MCM-envelopes), we call Q a proper MCM-coresolution (resp. 
a special proper MCM-coresolution-, resp. a minimal proper MCM-coresolution). By virtue 
of [ini Theorem A], we can construct a special proper MCM-coresolution of M, and if R is 
Henselian, we can construct a minimal proper MCM-coresolution of M for any M G modi?. 

Definition 2.4. Let M and N be i?-modules. We define radij(M, N) as the subgroup of 
Hom/j(M, N) consisting of homomorphisms / which satisfy the following condition: there 
is no non-zero direct summand M' of M such that M' is isomorphic to a direct summand 
of N via /. This definition is equivalent to the definition of rad/? in m if R is Henselian. 

Remark 2.5. Let X be a full subcategory of modi?, and let 0 ^ X ^ X — )■ M be an 
exact sequence in modi?, where vr is an X-precover. Suppose that i? is Henselian. Then 
TT is an X-cover if and only if / G radiji{K, X). For the proof, see [121 Proposition 2.4]. 


3. The structure of special MCM-preenvelopes 

In this section, we prove our main result on the structure of MCM-(pre)envelopes. We 
give several lemmas used in the proof of the main theorem. The first one is due to 
Holm [ini Lemma 3.2, Proposition 3.3]. 

Lemma 3.1. (1) Let M be an R-module. Then Ext)j(M, MCM) = 0 z/ and only if 
Ext)j(M,a;) = 0 = Ext)j(MCM, Mt). 

(2) If : M ^ X is an MCM-preenvelope (resp. a special MCM-preenvelope; resp. an 
MCM -envelope), then pi : Xl —)■ Ml is an MCM-precover (resp. a special MCM- 
precover; resp. an MCM-cover). 

Proof. We only give a proof of the statement (2). For the proof of (1), see [TUl Lemma 
3.2]. 

Suppose p : M —)■ X is an MCM-preenvelope. Let / : Z —)■ Ml be a homomorphism 
with Z G MCM. Since p is an MCM-preenvelope, there exists a homomorphism g : X ^ 
Zl such that P6m = 5'P- Applying (—)1, one has (5 m) 1/11 = plf?!- Hence we obtain 
equalities 

= {SM)^dMff = /, 

where the last equality follows from [TOl Lemma 3.1]. This shows that pi is an MCM- 
precover. Next consider the case that p is a special MCM-preenvelope. Then it follows 
from (1) that ExtJj(MCM, (Coker p)l) = 0. One has (Coker p)l = Ker(pl) because (—)1 : 
modi? — modi? is a left exact functor. Hence, pi is a special MCM-precover. Finally we 
suppose that p is an MCM-envelope. Let 0 be an endomorphism of Xl with pl0 = pL 
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Then the commutative diagram 



SxofJ. 

implies 0^ is an automorphism and so is 0 = Therefore, /i^ is an MCM- 

cover. ■ 

Lemma 3.2. Let C he an R-module. Consider an exact sequence 0—)-LAcAiV—)-0 
with codimL > 0 such that N satisfies (-Si). Such an exact sequence is, if exists, unique 
up to isomorphisms of complexes with respect to C. 

f 9' 

Proof. Let 0 —)■ L' —)■ C —?■ iV' —)■ 0 be a short exact sequence satisfying the same 
condition. From [H Proposition 3.1], 5^ is a monomorphism. Therefore, N can be 
embedded in for some integer r. Since Ass Hom/j(L', cn) = SuppL' H Asscn = 0, we 
have HomR(L',a;) = 0 and thus, Homj:j(L', A^) = 0. Therefore, we have a commutative 
diagram 


0 


0 


L' 


r 


^ c 


N' 


0 


L 


f 


c 


N 


0 . 


Similarly, we have a commutative diagram 

/ 


0 


0 


L 


L' 


f 


> C 


^ C 


N 


0 


N' 


0 . 


These two commutative diagrams yield f's's = f and since f is a monomorphism, we 
conclude s's = 1. Using the same argument, one has ss' = 1. Thus, s is an isomorphism 
and so is t. ■ 

Lemma 3.3. Let O^U^L-^M^V^Obean exact sequence such that codim U > i 
and codim U > i + 1 for an integer i. Then, we get an isomorphism = 

Ext^(L,a;) for any integer I < i. 

Proof. From the short exact sequence 0—)-f/ —)-L—)-lma—)-0, we have an exact 
sequence 

Ext):j(lm cj) —y Ex4(L,u;) ^ Ext'(U,u;). 

Since dimU < d — l, using the local duality theorem, we get Ext^(U, cn) = = 0 

for I < i, where (—)'^ stands for the Maths dual. Therefore, Ext^(lma,a;) = Ext^(L,a;) 
for I < i. Similarly, because we have Ext^(U, ca) = 0 for / < i + 1 by the local duality 
theorem, using the same argument for 0 — )-lma—)-M—)-U —)- 0 , we get an isomorphism 
Ext^^(M, cj) = Ext):j(lm a, cj) for I < z + 1. Consequently, we obtain an isomorphism 
Ext^^(M, w) = Ext^^(L,a;) for I < i. ■ 
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f 

Let M be an i?-module and Pi —?■ Pq M —)■ 0 a projective presentation of M. Then 
we put Tri^M := Coker(/'^ : Pq —)■ P/) and call it an ca-transpose of M. The following 
lemma is well-known in the case where u = R. The proof of this lemma is shown along 
the same lines as in that of [21 Proposition 2.6]. 

Lemma 3.4. Let M he an R-module. Then there exist isomorphisms 

(1) Ker 6 m = Extlj(Tr^M, w) and 

( 2 ) Coker (5 m = Ext^(Tr(jM, w). 

We are now ready to show our first main result. 

Proof of Theorem M . 1{ (a)=^(b): By Lemma [3.11 p) : —)■ Ml is a special MCM- 

precover. In particular, pi is an epimorphism. Since 6xP = P^^6m and pH is a monomor¬ 
phism, Ker (5 m — Kerp. Using Lemma IXTl one has Kerp = Extlj(Tr^M, ca). Because Up is 
an injective Pp-module for any minimal prime ideal p, we conclude codim(Kerp) > 0. 
Next, consider the case (2). Then pi is an MCM-cover, and hence there exists an exact 

sequence 0 —)■ U A Ml —)■ 0 such that Y has finite injective dimension and 

/€ rad^(F,Xl). Applying (-)l, we get an exact sequence 

0 ^ Mil Xll A pl ^ Extlj(Ml,a;) ^ 0. 

Then /I can be decomposed into an epimorphism g : XH —)■ Coker(pll) and a monomor¬ 
phism h : Coker(pll) —)■ UC Since depthjij^ (Afl)p > min{htp,2}. Ml satishes {S 2 ), and 
therefore we get codim(Extl^(Ml, a;)) > 2. Hence h,! is an isomorphism by Lemma 13.31 
By the depth lemma, Y satishes (As) and hence [H Proposition 3.1] implies that dy is 
an isomorphism. Therefore, / G rad/{(U,Xl) yields /H = ^(Ihl G rad/j(Ull,XlH), and 
hence G rad/j((Coker(pll))l,XlH). Because g"^ G radR((Coker(pll))l,XlH), Coker(pll) 
and Xlll has no non-zero common direct summand via g"^ . This shows that XH and 
Coker(pll) has no non-zero common direct summand via g. Consequently, Coker(pll) has 
no non-zero free summand. 

(b)^(c): By the local duality theorem, we have (Kerp)l = 0. Since (Kerp)l = 0 = 

Ext^(Coker p, w), pi is an epimorphism. Taking a short exact sequence 0 —?■ U ^ Xl 
Ml —)■ 0 and applying (—)1 to this sequence, we obtain an exact sequence 

0 ^ Mil A ^11 ^ yi ^ Ex4(M1, u ) 0. 

Because 6xP = P^^m, we get another exact sequence 

Ker(pll) = 0 —Coker 5m —t Coker p —Coker(pll) ^ 0. 

Combining this two sequences, we have an exact sequence 

0 —> Coker 6m —t Coker p A- yl —)■ ExtpAft,w)^0. 

We verify that this sequence satishes the condition (c). 

Since Up has injective dimension at most 1 for any prime ideal p with htp < 
1 , Coker 5m — Ext^(Trt^,w) has codimension at least 2. As Ml satishes (5'2), 
codim(Ext}j(Ml,cu)) > 2. Because Y satishes (S's), 5y is an isomorphism. Hence 
(yl)l = Y satishes (Ss). By Lemma l3.1f l). one has Ext]^(MCM, (Coker p)l) = 0, that 
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is, = (Coker/i)i has finite injective dimension. Consequently, fi satisfies the condi¬ 

tions in (c). Moreover, since Ima = Coker(/ifi), the implication (b) ^ (c) also holds in 
the case of (2). 

(c) ^ (a): First, we prove Ext}j(Coker/r, MCM) = 0. By assumption, there exists an 
exact sequence 

0 —)■ S' —Coker /i A- T —)■ 17 —?■ 0 

which satisfies the conditions in (c). By the local duality theorem, we have S*^ = 
0 = Ext)j(S', cn), hence Ext)j(S', MCM) = 0. Therefore we have only to prove 
Ex4(lm a, MCM) = 0. Since (Ima)^ = has finite injective dimension, one has 
Ext^(MCM, (Im /i)l) = 0. The short exact sequence 0—?-lma—^-T U ^ 0 induces an 
exact sequence 

Ext)j(T,a;) ^ Ex4(lm Qi, cj) —y Ex4(c/,w). 

Since codim 17 > 2, Ext^(17,cn) = 0. From [H Proposition 3.1], we get ExtJj(Tfi,cn) = 
0 and T = Tb. Therefore, Ext}j(lm a, ca) = 0. Using Lemma 13.11 we conclude 
ExtJj(lm a, MCM) = 0. 

Next, we show that /i is a special MCM-preenvelope. Let Z he & maximal Cohen- 
Macaulay i?-module and / : M —)■ Z an i?-homomorphism. Since Ass Homij(Ker /i, Z) = 
Supp(Ker yu) fl Ass Z = 0, f can be lifted to Im /i. Furthermore, because Ext]^(Coker fi, Z) = 
0, the morphism Im p —)■ Z can be lifted to X. This shows that fi is an MCM-preenvelope. 

Consider the case (2). Using [TUI Theorem A], there exists an MCM-envelope fi' : 
M —)■ X'. We show that fi is isomorphic to fi'. As we have already seen, /i is a special 
MCM-preenvelope. Hence there exists a commutative diagram 


M a:' 
/ 

M —a: 

9 

M — X' 


> Coker fi' 

1 

> Coker fi 

9 

> Coker fi' 


> 0 


> 0 


> 0 


and since fi' is an MCM-envelope, gf and gf are automorphisms. Consider the chain map: 


F 

L 

G 


(0 

(0 


> M — X' 

f 

> M —^ X 


> Coker fi' 

7 

> Coker fi 


> 0 ) 
> 0 ). 


Then the cokernel of u is of the form Coker n = (0 —)■ 0 —?■ Coker / — )■ Coker / —)■ 0) 
and by calculating the homologies of Coker n, we conclude Coker / = Coker/. Since / 
and /' are split monomorphisms, Coker / = Coker / is a maximal Cohen-Macaulay and 
(Coker /)! = (Coker /)! has finite injective dimension by Lemma fd.lf lj. This shows that 
Coker / = Coker / is a free i?-module. From the assumption, there exists an exact sequence 

0 —)■ S' —Coker /i A- T —)■ 17 —?■ 0 
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which satisfies the conditions in (c). On the other hand, as we have shown in the proof 
of the implications (a)^(b)^(c), Coker/i' also admits an exact sequence 

0 ^ ^ Coker/i' ^ r ^ f/' ^ 0 

which satisfies the conditions in (c). Then we obtain two short exact sequences 

(1) 0 — } S — y Coker jj, — y Im ol — )■ 0, 

(2) 0 —)■ S" —)■ Coker jj ,' —)■ Im a' ^ 0. 

Since Coker /i = Coker /r' © Coker /, we obtain a short exact sequence 
(2’) 0 —)■ S" ^ Coker /i —)■ Im a' © Coker / —)■ 0 

from (2) by taking the direct sum with Coker /. By assumption, S and S' have codimension 
at least 2. Since T and T' satisfy {Si), those submodules Ima and Ima' are also satisfy 
(S'!). Using Lemma ESI (1) and (2’) are isomorphic as complexes. In particular, Imcr'© 
Coker / is isomorphic to Ima. Because Ima has no non-zero free summand, the free 
module Coker / is 0. Consequently, /i is isomorphic to fi'. ■ 

Let us construct examples of special MCM-preenvelopes and MCM-envelopes by using 
Theorem 11.11 


Example 3.5. (1) Let i? be a d-dimensional Cohen-Macaulay local ring with canonical 
module co and x = xi,X 2 ,...Xn an i?-regular sequence with n > 3. Consider an exact 
sequence 

0 ^ M A ^ ^ 

Since the cokernel of fi admits an exact sequence 0 —?■ Coker/i R/{x) —)■ 0 

which satisfies the conditions in (c) in Theorem 11.11 /i : M —)> i?®” is a special MCM- 
preenvelope. 

(2) Let i? be a d-dimensional Cohen-Macaulay local domain with canonical module uj 
such that d>2. Take an /^-sequence x,y and a non-zero element f & R. Consider a 
commutative diagram 


-> R 


iff) 


^ / 2®2 


A M 


A R 


A i?®2 


A {x,y) 


> 0 


> 0 . 


Using the snake lemma, we have a short exact sequence 0 —)■ R/{f) —)■ M A {x,y) 

0. Let /i : M —)■ i? be the composition of /? : M —)■ (x, y) and the inclusion {x, y) R. 
Then Ker/i = Ker// = R/{f) has codimension at least 1, and Coker/i = R/{x,y) 
has codimension at least 2 and R/{x,y) has no free summand. Therefore, /i is an 
MCM-envelope. 


Remark 3.6. For each Y G modi?, Y has finite injective dimension if and only if Y 
admits an exact sequence 0 —?■ Wn W^-i ^ lUo —?■ U —?■ 0 with B/ G add uj and 

n = d — depthjijU. Therefore, for an i?-homomorphism tt : X ^ M with X G MCM, the 
following are equivalent. 

(1) TT is a special MCM-precover. 
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(2) There exists an exact sequence 0 —)■ Wn Wn-i ^ Wi ^ X ^ M ^ 0 with 

Wi G add u and n = d — depths M. 

Now, let us give a proof of Theorem 11.21 


Proof of Theorem M.B . (1) (2): Because of Lemma [3Tl pi : Xl —)■ Ml is a special 

MCM-precover and there exists an exact sequence 

(*) 0 ^ Wd-2 ^ Wd-3 ^ • • • A hhi ^ Xl A Ml ^ 0 

such that Wi G addcu. Applying (—)1, we obtain an i?-complex 


u=S P 5m P 5x 

c = {o^ M ^ > a: -' 


> WI 


t P 


fL: 


» K-2 ^ O)- 


Decompose Q into short exact sequences 0 hhi ^ 17j_i —;-0(0<i<d — 2) 

where ILo := ^1 and 17_i := Mb Applying (—)1 to these sequences, we obtain exact 

sequences 0 —?■ uL ^ ^ ul —)■ Ext]j,(t/j_i, w) —)■ 0. Since vj are monomorphisms, 

H‘(C) = Ker/?,,/lm// = Kerul/\mf! = Cokerq., = Extpt/U.a.) 

for 1 < i < d —2. From the exact sequence Q, (f/j_ 2 )p is a maximal Cohen-Macaulay Rp- 
module for any prime ideal p with htp < id- 1 by the depth lemma. Hence codim HbC) > 
i -|- 1 for i > 1. For i = —1, 0, 


H-i(C') = Ker(pll(5M) = Ker^M = Ex4(Tr^M,u;) 

H°(C') = Ker/l/lm(pll(5M) = Coker 6 m = Ex4(Tr^M, a;). 


Therefore, codim HbC) > i - 1 -1 for any i. 

(2) ^ (1): First note that if d < 2, then this implication holds. Indeed, since 
codim(Kerp) > 0 and codim(Coker p) > 1, p is a special MCM-preenvelope by Theorem 

o 

Next, consider the case d > 3. Put d° := p and denote by p* the induced homomorphism 
Coker d*“^ —?■ d* for each 1 < i < d — 2. Note that there exists an exact sequence 

0 ^ ^ Coker d*-^ d* ^ Coker d* ^ 0. 

Let us show ExtJj(Coker d*, MCM) = 0 for 0 < i < d — 2. By assumption, Coker d'^“^ = 
Hrf- 2 (d) and H‘^“^(d) have codimension at least 2. Hence ExtJj(Coker d'^“^, MCM) = 0 = 
Ext)j(H'^“^(d), MCM). From the exact sequence 

0 -)■ Im p'^“^ ^ d'^"^ -)■ Coker d'^“^ -)■ 0, 

we have Ext)j(lmMCM) = 0. Hence one has Ext)j(Coker MCM) = 0 from the 
exact sequence 

0 ^ H'^-3(d) ^ Coker d'^-^ ^ Im p'^-^ ^ 0. 

Iterating this procedure, we get Ext)j(Coker d*, MCM) = 0 for 0 < z < d — 2. Since 
Ext)j(Coker p, MCM) = 0 and Kerp = H~^(d) has positive codimension, p is a special 
MCM-preenvelope. ■ 
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4. The structure oe special proper MCM-coresolutions 

In this section, we stndy the structnre of special proper MCM-coresolntions by using 
Theorem 11.11 From now on, we assume that R is Henselian. The following lemma is the 
key to prove our last theorem. 

Lemma 4.1. Let 

0 ^ M A A A ■ ■ • 

he a special proper MCM-coresolution of an R-module M. Put fR = dP, and let [R : 
Coker —)■ X* he the induced morphisms for i>l. Then the following holds: 

(1) Coker /i* are unique up to free summands with respect to M and 

(2) Ker/i* are unique up to isomorphisms with respect to M. 

Proof. Set M* := Coker {i > 1) and := M. 

(1) : As we saw in the proof of the implication (c)^(a) in Theorem 11.11 21. for any 
/?-module M, the cokernel of a special MCM-preenvelope of M is unique up to free sum¬ 
mands. On the other hand, for a special MCM-preenvelope /i : M —)■ X and a free 
module F, /i©F: M©F—)-X©Fis also a special MCM-preenvelope since special 
MCM-preenvelopes are characterized only by their kernels and cokernels by Theorem ll.il 
Consequently, Coker pd are unique up to free summands. 

(2) : Let M be an i?-module and F a free module. Then the kernels of special MCM- 

preenvelopes of M and M © F are isomorphic by using Lemma [3.31 This shows (2). ■ 

Now, let us prove Theorem 11.31 given in the introduction. 

Proof of Theorem \1.3[ To prove this theorem, we have only to construct a such special 
proper MCM-coresolution. 

Take a special MCM-preenvelope pP \ M ^ X'^. Then KerpP and Coker satisfy the 
desired conditions by Theorem 11.11 For i > 1, assume that there exists an F-complex 

0 ^ M A X° A X^ A • • • ^ X*-^ 

which satishes the desired conditions for j < i. By assumption, there exists an exact 
sequence 

0 ^ CokerA ^ ^ 0 

which satishes the conditions in the statement. Since has hnite injective dimension, 

we can choose a short exact sequence 0 —)■ A —)■ IT —)■ —)■ 0 where IT G add cj and 

A has hnite injective dimension. Applying (—)^, we have an exact sequence 

0 ^ A IT^ ^ At ^ Ext^((r-^)t,n;) ^ 0. 

Set p'’ = vu \ Coker hFt and we show it satishes the conditions in the statement. 

Then there exists an exact sequence 

Ker n = 0 —)■ CokerM —)■ Coker/i* Cokern —)■ 0. 

Splicing this sequence with 0 — Cokern —)■ At —)■ Ext)j((T*“^)t,a;) —?> 0, we obtain an 
exact sequence 

0 —)■ Cokern —> Coker/i* —)■ At —)■ Ext}j((T*“^)t,cn) —)■ 0. 

Set S'* = Cokern = T* = At and T* = ExtJj((T*“^)t,cn). By assumption, Ker/r* = 
Kern = S**"^ has codimension at least i + 1 and S'* = Cokern = 17*“^ has codimension 
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at least i + 2. Since (T* satisfies (5'j+2), ((T® ^)l)p is a maximal Cohen-Macaulay 
/?p-module for any prime ideal p with htp < i + 2. Hence 17® = Ext}j((T®“^)l, cn) has 
codimension at least i + 3. Note that T® = Hi satishes (-S' 2 ). Because A satishes (-Sj+s), 5 a 
is an isomorphism. Therefore, (T®)1 = Hh = A has hnite injective dimension and satishes 
(S'j+3). By induction on i, the proof of theorem is completed. ■ 

The following result is shown in [101 Theorem C] even if R is not Henselian. It is also 
shown by examining the structure of an MCM-envelope concretely. 

Corollary 4.2. For any R-module M , the minimal proper MCM- coresolution of M has 
length at most d. 

Proof. For an i?-module M , take a minimal proper MCM-coresolution 

0 ^ M A TfO A X' A • • • . 

Let p* : Coker d®“^ —)■ X® be the induced morphism. For i = d — 1, there exists an exact 
sequence 

0 ^ ^ Coker ^ 0 

which satishes the conditions in the statement of Theorem ll.il Since and have 
codimension at least d+1, Coker 7®*“^ is isomorphic to On the other hand, 

satishes {Sd+ 2 ) and has hnite injective dimension, i.e., G addcn. As satishes 

(S' 2 ), T'^~^ is isomorphic to whence, free. Consequently, the minimal proper 

MCM-coresolution ends in X'^. ■ 
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